Abstract: Stochastic resonance (SR) is an interesting phenomenon in that noise enhances system response. Despite attractive phenomenon of SR that noise enhances system response, enhancement of the weak signal below device sensitivity, and few researchers have addressed the SR effect in communication systems. This paper discusses the SR effect in communication systems. We focus on the problem in which communication cannot be established when the received signal strength is below receiver sensitivity. The purpose of this study is to evaluate the bit error rate (BER) performance of the SR receiver and reveal the SR effect in communication systems. We propose an analysis method for the SR receiver using a non-dynamical device that exhibits SR effect. The numerical results show that the SR effect can improve the BER compared to a system without SR. The contribution of the paper is two folds: The first contribution of our present study is that the BER of the SR receiver using a non-dynamical device can analytically be derived. The second contribution of our study is that the number of samples per symbol, the received signal amplitude, and the receiver sensitivity are three important parameters. We further derive the maximum performance gain by the SR system. Although our focus is on primary communication systems; however, our findings can be applied to other systems.
Introduction
Stochastic resonance (SR) is an interesting phenomenon in that noise enhances system response. In the past two decades, this characteristic has been discussed in the context of nonlinear physics [1] [2] [3] [4] , and its application in signal processing has spread to various fields, such as signal detection theory [5] [6] [7] , wireless communication [8] [9] [10] , and imaging [11] .
Despite attractive phenomenon of SR that noise enhances system response, enhancement of the weak signal below device sensitivity, few researchers have addressed the SR effect in communication systems [8] [9] [10] . So far, the tremendous amount of research into SR established for obtaining a weak signal in a strong noise environment and enhancement of the weak signal below device sensitivity. The key is an intentional noise additionally applied at receivers. It is that a non-Gaussian intentional noise plays an important role in the weak signal reception. In fact, in [12] , a nonlinear device designed for a non-Gaussian noise exhibits better performance than linear filtering and achieves the Cramer-Rao lower bound. This paper discusses the SR effect in communication systems. We focus on the problem in which communication cannot be established when the received signal strength is below receiver sensitivity. Overcoming receiver sensitivity introduces new and attractive challenges in wireless communication systems. If receiver sensitivity can be lowered, we can simultaneously reduce transmission power and interference to other users. Low-power wireless systems can provide solutions for both energy-efficient green wireless communications and wireless spectrum shortage.
The purpose of our study is to evaluate the bit error rate (BER) performance of the SR receiver and reveal the SR effect in the communication systems. We propose an analysis method for the SR receiver using a non-dynamical device. Reception sensitivity can be modeled as a non-dynamical device that exhibits the SR effect [13] . In this sense, an SR-based receiver is considered, and the BER performance is analyzed mathematically. The numerical results show that the SR effect can improve the BER compared to a system without SR. In addition, we evaluate the SR effect by a performance gain. It should be shown that the performance gain depends on several parameters. We also propose a framework for the parameters to build an effective SR receiver.
The contribution of our present paper is two folds: The first contribution is that the BER of the SR receiver using a non-dynamical device can analytically be derived. As the output signal of the non-dynamical device is expressed by a signal having three states and its probability is given by the multinomial distribution. Using the multinomial distribution, we can derive an exact BER and simulated results coincidence with the analytically obtained BER. The second contribution is that the number of samples per symbol, the received signal amplitude, and the receiver sensitivity are three important parameters. Together with the variance of intentional noise, they dominate the system performance. Among those three parameters, the gain significantly depends on the number of samples per symbol. We further derive the maximum performance gain by the SR system.
We focus on primary communication systems; however, our findings can be applied to other systems. Also, note that the results of this paper should not be compared to one derived by the Shannon theory, because the weak signal below receiver sensitivity cannot be covered in the Shannon theory.
The remainder of this paper is organized as follows. In Section 2, we present the system model of the SR receiver. In Section 3, we present the method of analysis for the BER performance of the SR receiver using a non-dynamical device. Section 4 presents numerical results for the BER performance of the SR receiver and the performance gain derived by the SR system. Finally, conclusions are presented in Section 5.
System model
In this paper, the desired signal level is assumed to be below device sensitivity. As shown in Fig. 1 , when the desired signal level is denoted by A, and the device sensitivity is denoted by η, we observe that |A| < η. A conventional receiver cannot detect such a subthreshold signal, as shown in Fig. 1(a) . Figure 2 shows the system model of the SR receiver. In Fig. 2 , the SR receiver consisting of the SR system receives a desired signal As(t) and channel noise n c (t), which is expressed as follows.
In the desired signal, s(t) is expressed as where d i is a binary data sequence{±1}, T s is a symbol duration, and g(t) is a rectangular pulse. The channel noise n c (t) is the zero-mean white Gaussian noise with variance σ 2 c . The channel noise is primarily dominated by the thermal noise that occurs in the receiver; thus, its power spectral density (PSD) is assumed to be uniform and is expressed as N 0 = k B T 0 , where k B is the Boltzmann constant and T 0 is noise temperature. When T 0 = 300 K, the noise PSD N 0 4.1 × 10
Unfortunately, the channel noise is always added to the received signal and cannot be separated from the signal component. The SR receiver differs from a conventional receiver in that it adds intentional noise at the receiver front end. The SR system is used for detecting a subthreshold signal which cannot be detected by conventional receivers. After that, the detected signal by the SR system can be operated by conventional receivers. Figure 1 (b) illustrates the detection of a subthreshold signal by the additional intentional noise. This shows a simple SR effect. The signal described in Fig. 1(b) is obtained by adding both the channel and the intentional noise to the subthreshold signal in Fig. 1(a) . The intentional noise n SR (t) is assumed to be zero-mean white Gaussian noise with variance σ 2 SR . The intentional noise should be optimally tuned to obtain the best SR receiver performance.
Note that for a real system, we consider two approaches to prepare the intentional noise. The one is using thermal noise of an amplifier. Such noise is amplified to the optimal level and fed into the SR system. The second is using a high-frequency signal instead of noise. An enhancement by a high-frequency signal is reported by [14] . This effect is called vibrational resonance and displays the analogies similar to SR.
Reception sensitivity can be modeled as a non-dynamical device, which is a simple threshold system that exhibits the SR effect. The received signal, which is composed of As(t), n c (t), and n SR (t), is fed into the non-dynamical device. A schematic diagram of the non-dynamical device and its inputoutput characteristics are shown in Fig. 3 . As can be seen in the figure, this device has three states −V, 0, V . If a subthreshold signal plus noise exceeds the threshold, the subthreshold signal can be detected when the noise is tuned optimally. This phenomenon is known as SR. When the input signal r SR (t) is fed into the device, the output of the device is expressed as follows.
where η is the threshold of the device and is assumed to be equivalent to the reception sensitivity of the conventional receiver. We model the reception sensitivity by using the middle level 0 of the device. Note that signals in this level have no contribution in the detection. The output of the device is sampled and summed to detect the subthreshold signal. When the number of samples per symbol is denoted by N , the output of the SR system is expressed as follows. where
In the above equation, T s is a symbol duration. In the detector, we restore the data asd i , depending on whether the output is positive or negative, in the following manner.
This means that the detector performs the major decision, and as N increases, BER performance can be improved. The system in Fig. 2 can be viewed as the summing network, proposed by Collins et al [15] . This system is effective when the noise is uncorrelated and/or ergodic. In our system, owing to the assumption of white noise, the samples are independent. The number of samples per symbol is equivalent to the number of arrays in the Collins network, and the increase of N improves the performances. From the viewpoint of wireless communication field, this effect is a kind of time diversity. On the other hand, the summing network can get improvement from independent samples of each unit. In our system, sampling rates should be high for an enhancement of the subthreshold signal. One of the application scenario may be in the system with small bandwidth.
BER analysis for SR using a non-dynamical device
The output of the non-dynamical device can stochastically take the value −V , +V , or 0 depending on the input r SR (t), which is Gaussian with mean As(t) and variance σ 2 c + σ 2 SR . The probability that the output takes the value ±V is given by
where erfc(x) = 2 √ π +∞ x exp(−t 2 )dt is the complementary error function. From the above equation, the probability that the output takes the value 0 is given as follows.
The samples of the output of the device are statistically independent during each symbol. Thus, the BER is given by counting the sampled times of these values. Over N samples, the probability that the value −V is observed n times and the value +V is observed m times is given by the multinomial distribution, which is expressed as
where P − is the probability that the output takes −V , and P + is the probability that the output takes +V . When the transmitted data d i is +1, the probability that the output level of the SR system y i is negative is equivalently given by the probability that the number n is smaller than the number m, which is expressed as follows.
Similarly, when the transmitted data d i is −1, the probability that the output y i is positive can be derived. Thus, the BER is expressed as follows.
Numerical results
Here, we discuss the performance of the SR receiver. First, we discuss the BER versus the PSD of intentional noise. The optimal noise that produces the best SR receiver performance is discussed. Next, we discuss the effect of the parameters, such as N and A, on the performance of the SR receiver. These parameters should have a significant effect on BER performance. The SR effect is defined as the ratio of the conventional reception sensitivity to the received signal level G = 20 log(η/A) [dB] . This is the performance gain obtained by the SR system. We show that the gain significantly depends on parameter N . The maximum performance gain is also derived in a specific situation. Finally, when η and the signal bandwidth (i.e., the inverse of the symbol duration T s ) are taken as parameters of the application field for the SR receiver, we give the maximum performance gain by these parameters. The effective application field for the SR receiver is also shown. Figure 4 shows the BER performance versus the PSD of the intentional noise in the SR receiver. The analytical, simulation, and conventional results are shown by the solid line, dots, and dashed line, respectively. Parameter settings are shown in Table I . As shown in Fig. 4 , the BER performance of the SR receiver is improved with increased PSD of the intentional noise compared with that of the conventional receiver. This is a typical phenomenon exhibiting SR. However, in the SR receiver, too much noise has a negative effect on BER performance, as shown in Fig. 4 . The optimal noise, which yields the minimum BER, is also shown. The analytical results indicate the optimal noise PSD of the SR receiver with the given parameters. Numbers of samples per symbol N 10 Fig. 4 . BER performance of the SR receiver using a non-dynamical device. Figure 5 shows the BER performance obtained by varying parameters N and A. As shown in Fig. 5(a) , the BER is improved by increased N . The optimal noise that yields the minimum BER is reduced because an increase of N provides wideband noise. On the other hand, the BER is improved because of greater signal amplitude, as shown in Fig. 5(b) . The optimal noise is reduced because the signal amplitude A approaches the reception sensitivity η. Figure. 5(a) also shows our system requires tuning when N is increased since the performance depends on the noise PSD even in the large N . This result is different from the summing network [15] .
BER performance of the SR receiver using a non-dynamical device
The results indicate that the communication at the subthreshold level, where the conventional receiver is not available, can be achieved. In other words, the reception sensitivity of the receiver can be improved by the SR system. The performance gain obtained by the SR system is discussed in the next subsection.
Performance gain by the SR system
In this paper, we discuss how small signals the SR system can detect. To measure it, we compare the signal amplitude A with the receiver sensitivity η. In this sense, the performance gain is defined as G = 20 log(η/A) [dB] . G [dB] means the SR system can detect the subthreshold signal 10 −G/20 times less than the receiver sensitivity η. The SR receiver with larger gain G has larger ability of improving performance. As shown in Fig. 5(a) , the performance of the SR receiver is dependent on N . In a specific η, the performance gain G is increased by an increase of N . Assuming that the noise composed of channel noise and intentional noise is tuned optimally and is denoted by PSD opt , we show the relationship between PSD opt and N as Fig. 6 . Here the gain is given by G = 3 dB, η = 1.5 μV , and the signal bandwidth is 10 6 Hz. In Fig. 6 , we observe that an increase of N decreases PSDopt because increased N expands signal bandwidth. The BER is also decreased by an increase of N . As shown in Fig. 6 , the two points are the minimum points of N (= 5, 11), which achieves BER < 10 −1 , BER < 10 −2 respectively. In our discussion, we set the required specification is BER < 10 −2 . For obtaining better BER, we should apply an error correcting code to our system.
Alternatively, we should suppose low-bit-rate communication as an application of the SR system. The relationship between PSD opt and N is shown in Fig. 7 when BER < 10 −2 and G is varied by 1 dB from 3 dB and 17 dB. The points show the minimum point of N , which achieves BER < 10 −2 at each gain. In Fig. 7 , as N is increased, the gain of G is larger. The gain significantly depends on N .
On the other hand, PSD opt is decreased as N is increased; however, PSD opt must satisfy the relation PSD opt < PSD C (the PSD of the channel), which is depicted by the solid line in Fig. 7 . At 17 dB, the PSD of the intentional noise is negative; hence, 17 dB is the non-realizable point. Thus, the figure shows that the maximum performance gain G is approximately 16 dB in the given parameters. BER performances at the gain G = 16 dB and that at the gain G = 17 dB are shown in the Fig. 8 . Parameter settings are the same as those in Fig. 8 . In the case that G = 16 dB, the peak locates where the PSD of the intentional noise nearly equals to zero. This shows the channel noise is dominant. However, When G = 17 dB, the peak locates where the PSD of the intentional noise is negative, which is not realistic. 
Maximum performance gain in some applications
In the previous subsection, we provided the maximum performance gain derived by the SR system in the specific situation. As shown in Fig. 7 , the maximum gain G = 16 dB requires N = 189. Note that the number of samples, N , is often determined by the system constraints and/or requirements, including sampling frequency and system bandwidth. Here, we provide the maximum gain G max given by η and the signal bandwidth. Figure 9 shows G max for η and signal bandwidth. G max is given between 0 dB and 20 dB, and values over 20 dB are denoted as 20 dB. As shown in Fig. 9 , G max increases with increased η. This indicates that the receiver with bad sensitivity has a good chance to be improved by the SR system. In contrast, a receiver with good sensitivity has no chance for improvement. The maximum gain G max is decreased by an increase of the signal bandwidth because the increased signal bandwidth also increases the power of the channel noise. The effective application field is drawn as the high G max field in Fig. 9 , and in this field, the SR receiver can achieve good performance. 
Conclusions
We proposed an analysis method for an SR receiver using a non-dynamical device and evaluated its BER performance. Numerical results show that improvement of BER performance and communication at the subthreshold level can be achieved by the SR system. Using the multinomial distribution, We derived an exact BER and simulated results coincidence with the analytically obtained BER. In addition, we evaluated the SR effect by a performance gain. The performance gain was defined as the ratio of the conventional reception sensitivity to the received signal level. As a numerical result, the performance gain significantly depends on the number of samples per symbol. Finally, we derived the maximum performance gain given by the receiver sensitivity and signal bandwidth. For the proposed SR receiver, high maximum performance gain is derived when the receiver sensitivity is low, and signal bandwidth is small. This is the effective application field for the SR receiver, and in this field, the SR receiver can achieve good performance.
The tuning of intentional noise is important for our system. We now consider several approaches of tuning, and this research is for our future works.
